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1. In this section, we discuss the conjectures stated in [16]. Bogatyi and Valov proved the following two general theorems
about maps with small preimages of planes.
Theorem 1. Let f : X → Y be a perfect map of paracompact spaces such that dim f  n and dim Y = 0. Then for every m  n + 1,
C∗(X,Rm) contains a dense Gδ-subset of maps g such that dim g( f −1(y))∩Πd  n+d−m for any y ∈ Y and any d-planeΠd ⊂ Rm
with m − n dm.
Theorem 2. Let f : X → Y be a perfect map of metrizable spaces such that dim f  n and dim Y = 0. Then for every m  n + 1,
C∗(X,Rm) contains a dense Gδ-subset of maps g such, that, for any integers d, t, and T with 0 t  d  T m and d m − n − 1
and any d-plane Πd ⊂ Rm parallel to some coordinate planes Π t ⊂ Π T ⊂ Rm, each set f −1(y) ∩ g−1(Πd) with y ∈ Y contains at
most q points, where
q =
{
d + 1− t + n+(n+T−m)(d−t)m−n−d , if n (m− n − T )(d − t),
1+ nm−n−T , otherwise.
Theorem 1 with Y a one-point space and m = 2n + 1 generalizes a result of Roberts [45]. Theorem 2 generalizes the
Nöbeling–Pontryagin embedding theorem which corresponds to d = 0 and m  2n + 1; the theorem of Hurewicz about
maps to Euclidean space with preimages of small cardinality [34] (d = 0,n + 1 m  2n); Boltyanskii’s theorem about k-
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embeddings [31] (t = 0, T =m).
Question 3. Let f : X → Y be a map of ﬁnite-dimensional compacta. Is it true that C(X,Rm) contains a dense Gδ-subset of
maps g such that dim(g( f −1(y)) ∩ Πd) dim f + d−m for any d-plane Πd ⊂ Rm with m− dim f  dm and any y ∈ Y ?
Question 4. Let f : X → Y be a map of ﬁnite-dimensional compact metrizable spaces. Is it true that C(X,Rm) contains a
dense Gδ-subset of maps g such that far any integers d, t , and T with 0 t  d  T m and dim f + d + 1m and any
d-plane Πd ⊂ Rm parallel to some coordinate planes Π t ⊂ Π T in Rm each set f −1(y) ∩ g−1(Πd) with y ∈ Y contains at
most q points, where
q =
{
1+ dim Y+dim f+(T−d)(d−t)m−dim f−d , if dim Y + dim f  (m − dim f − T )(d − t),
1+ dim Y+dim fm−dim f−T , otherwise?
It suﬃces to answer Question 3 in the special case d = m − dim f . The answer is positive when dim f = 0 which follows
from Uspenskii’s light map theorem [61] (see also [57] for a generalization of Uspenskii’s theorem to dim f > 0).
Suppose that f : X → Y , g ∈ C(X,Rm) and t , d, and T are integers such that 0  t  d  T  m and d − t + I  q.
Consider the set B fq,d,t,T (g) of all points (y, y1, . . . , yq) ∈ Y × (Rm)q satisfying the following condition. There exist points
x1, . . . , xq ∈ f −1(y) such that xi = x j for i = j, yi = g(xi) for i = 1, . . . ,q, and all yi belong to a d-plane in Rm parallel to
some coordinates planes Π t ⊂ Π T ⊂ Rm .
Question 5. Let f : X → Y be a map of ﬁnite-dimensional compact metrizable spaces. Is it true that C(X,Rm) contains a
dense Gδ-subset of maps g such that
dim B fq,d,t,T (g) dim Y + dim f + (T − d)(d − t) − (q − 1)(m − dim f − d)
for any integers d, t , T , and q satisfying the conditions 0 t  d T m, d − t + 1 q, and dim f + d + 1m?
If the right-hand side of the inequality from Question 5 equals  −1, then the set, B fq,d,t,T (g) is empty. Question 4 is
concerned with conditions under which B fq,d,t,T (g) empty. If d = 0, then the set B fq,0,0,T (g) does not depend on T . In this
case, it is homeomorphic to B fq (g) = {(y, z) ∈ Y ×Rm: | f −1(y)∩ g−1(z)| q}. For d = 0 and one-point Y , a positive answer
to Question 5 was obtained in 1933 by Hurewicz [34]. A parametric version of the result of Hurewicz was obtained by
Tuncali and Valov. The inequality from Question 5 is satisﬁed for d = 0 and all q  1 if and only if g is an f -regularly
branched map (in the terminology of [58]). According to [58, Theorem 1.1], C(X,Rm) contains a dense Gδ-subset of f -
regularly branched maps; thus, Question 5 has positive answer for d = 0. Note that, for d  1, Question 5 is open, even for
one-point Y .
One of the most interesting classes of maps provided by Theorem 2 is that of k-regular maps in the sense of Borsuk [21].
Deﬁnition 6. A map f : X → Rm is k-regular (for a positive integer k m) if the preimage f −1(Πk−1) of any (k − 1)-plane
Πk−1 ⊂ Rm contains at most k points.
The l-regular maps of compact spaces are precisely the embeddings, and any (k+1)-regular map is k-regular. By compact
space we assume compact metrizable space. The following Haar–Rubinshtein theorem shows why the k-regular maps are so
important.
Theorem 7. For linearly independent functions f0(x) = 1, f1(x), . . . , fm(x) on a compact space X and an integer km, the following
conditions are equivalent:
(1) the map F = { f1(x), . . . , fm(x)} : X → Rm is k-regular;
(2) for any different x0, . . . , xk ∈ X and any t0, . . . , tk ∈ R, there exists a polynomial f α¯ = ∑mi=0 αi f i such that fα¯(x j) = t j for
j = 0, . . . ,k;
(3) for any different x0, . . . , xk ∈ X, the matrix ( f i(x j))im, jk has rank k + 1:
(4) any m− k + 1 linearly independent polynomials f α¯1 , . . . , fα¯m−k+1 have at most k common zeros in X;
(5) for any continuous function ϕ on X, the polyhedron of best Chebyshev approximation with respect to the given system of functions
{ f i}mi=0 has dimensionm− k.
In 1960, Boltyanskij proved the following theorem [18].
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equivalent
(1) the set of all k-regular maps from X to Rm is dense in C(X,Rm) and
(2) the inequality m kn + n+ k holds.
A large group of topologists obtained a description of compact spaces for which the set of 1-regular maps to Rm is every-
where dense.
Theorem 9. For a compact space X, the following conditions are equivalent
(1) the set of all embeddings of X into Rm is dense in C(X,Rm) and
(2) the inequality m dim X2 + 1 holds.
It was shown in [6] that for d = 0, q = 2 and one-point Y , the strengthening of the assertion to be proved in Question 5
with dim B2(g) dim X2 −m is true if dim X m− 3 and false if dim X =m− 1 and dim X2  2dim X .
It seems likely that Theorem 2 cannot be improved in the general case of polyhedra. By nN we denote the n-skeleton of
the N-simplex N .
Question 10. Is it true that, for positive integers n, m, k, and d such that k  d + 2 and m d + 1, the following conditions
are equivalent?
(1) The set of all maps from n to Rm such that the preimage of any d-plane has cardinality at most then k is everywhere
dense in the space C(X,Rm).
(2) The inequality (k − d)(m− d) (k + 1)n + 1 holds.
Question 11. Given integers k  2 and m  k, describe all compact spaces for which the set of k-regular maps to Rm is
everywhere dense.
Question 12. Suppose that X is a compactum such, that the set of all at most k-to-one maps from X to Rm is dense in
C(X,Rm). Is it true that km > dim Xk+1 + 1?
Question 13. Is it true that, for a compact space X and positive integers m, k, and d such that k d + 1 and m d + 1, the
following conditions are equivalent?
(1) The set of all maps from X to Rm such that the preimage of any d-plane has cardinality at most k is everywhere dense
in the space C(X,Rm).
(2) The inequality (k − d)(m− d) dim Xk+1 + 1 holds.
For maps f i : Xi → Rm where i = 1, . . . ,q and integers 0  t  d  T  m, let Bd,t,T ( f1, . . . , fq) be the set of all points
(y1, . . . , yq) ∈ (Rm)q such that the points yi = f i(xi) with i = 1, . . . ,q belong to a d-plane in Rm parallel to some coordinate
planes Π t ⊂ Π T , and let
Cd,t,T ( f1, . . . , fq)
= {(x1, . . . , xq) ∈ X1 × · · · × Xq: ( f1(x1), . . . fq(xq)) ∈ Bd,t,T ( f1, . . . , fq)}.
Then Question 10 can be stated in the following stronger form.
Question 14. Suppose that integers n1, . . . ,nq,m,d, t , and T satisfy the inequalities 0  t  d  T  m, 0  n1  m −
d, . . . ,0 ng m − d, d − t + 1 q, and n1 + · · · + ng  (q − 1)(m − d) − (T − d)(d − t). Is it true that there exists an ε  0
and maps f i :ni → Rm where i = 1, . . . ,q, such that the set Bd,t,T (g1, . . . , gq) is nonempty for any maps gi :ni → Rm
provided that the gi are ε-close to f i for i = 1, . . . ,q?
In the simplest case such as q = 2, n1 = 0, n2 =m, and d = 0 Question 14 has a positive answer. This is the theorem of
Aleksandrov that the identity map of the ball is essential. For d = 0, the answer is also positive [6, Corollary 3] and [19,
Lemma 6.3]. In the case of d = q − 2, t = 0, and T = m, a positive answer to Question 14 was given by Boltyanskii [18,
Lemma 9]. This is the main ingredient in his proof that m nk+n+k provided that, for some n-dimensional polyhedron X ,
the set of k-regular maps from X to Rm is dense in C(X,Rm).
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nq m− d, and d − t + 1 q. Does there exist an ε > 0 and maps f i :ni → Rm , where i = 1, . . . ,q such that
dimCd,t,T (g1, . . . , gq) ni + · · · + nq − (q − 1)(m − d) + (T − d)(d − t)
for any maps gi :ni → Rm each of which is ε-close to the corresponding f i?
For d = 0, a positive answer to Question 15 was given in [6, Corollary 3].
Boltyanskii proved an inﬁnite-dimensional version of Theorem 2 [18]. We give this result in the stronger form obtained
by Bogatyi and Valov [16].
Theorem 16. Suppose that f : X → Y is a perfect map of metrizable spaces and Y is a C-space. For integers d and r, let P(d, r) denote
the family of all d-planes Πd ⊂ l2 parallel to the coordinate plane Π r ⊂ l2 . Then C∗(X, l2) contains a dense Gδ-subset of maps g such
that for any y ∈ Y and any Πd ∈ P(d, r), f −1(y)∩ g−1(Πd) contains at most d+ 1− r points if r  d and at most one point if r  d.
Question 17. (1) Find applications in interpolation and approximation theories for the maps from Theorem 2 under which
preimages of (k − 1)-planes can have cardinalities strictly higher than k.
(2) Find applications in interpolation and approximation theories for the maps from Theorem 16.
Question 18. How essential are the conditions on Y in assertions similar to those of Question 3 and Theorem 16 (ﬁnite-
dimensionality and being a C-space, respectively)?
Some authors deﬁne k-regular maps by imposing constraints only on preimages of subspaces, that is planes through
zero. Such maps generate “economical” maps to projective space. Shashkin [53] studied k-regular maps to projective space.
Question 19. Prove analogues of Theorems 1 and 2 for maps to (i) the real projective space RPm; (ii) the Lobachevski
hyperbolic space Hm; and (iii) an arbitrary Riemannian manifold Mm .
Torun´czyk obtained results on the density of “economical” maps of a different type [56].
Theorem 20. For a given map f :Rn → Y , where dim f  n − 2 and dim Y =m, the set {α ∈ C(I,Rn): f ◦ α is at most m-to-one}
is dense in C(I,Rn).
Below, we cite one of Torun´czyk’s problems.
Question 21. Let f :Rn → Y ∈ ANR be a map with dim f = 0, where n = dim Y  4. Is the set {α ∈ C(I,Rn): f ◦
α a is one-to-one} connected and locally connected?
2. The proofs of Theorems 1 and 2 are based on a converse to the transversal Tverberg theorem. In this section, we
consider various forms of the Tverberg theorem and the existence of “economical” maps.
Question 22. Suppose, that positive integers n, m, and q satisfy the inequality (q − 1)m  qn. Does there exist a number
N = N(n,m,q) (for example, N(n,m,q) = qn+ 2q− 2 or N(n,m,q) = 2qn−n+ 4q− 4) such that for any map f :nN → Rm ,
there exist pairwise disjoint closed simplices σ1, . . . , σq ⊂ nN with nonempty intersection of images, that is f (σ1) ∩ · · · ∩
f (σq) = ∅?
For N = qn + 2q − 2, a positive answer to this question was obtained by van Kampen and Flores for q = 2 [35,30], by
Sarkaria for prime q = p [49], and by Volovikov for prime powers q = pα [63]. For N = 2n2 + 5n, it was obtained by Bogatyi
for q = n + 1 without any arithmetic constraints on q [6].
The simplest unknown case is as follows.
Question 23. Does there exist a 10-dimensional compact space (a polyhedron, e.g., 1070) that does not admit a (linear)
ﬁve-to-one map to R12?
Since the (m− 1)-sphere Sm−1 in Rm intersects each straight line in at most two points, it follows that any subset of Sm−1
is 2-regularly embedded in Rm which implies, in particular, the following assertions.
Corollary 24. The n-simplex n admits a 2-regular map to Rn+1 .
Corollary 25. Any n-dimensional compactum X admits a 2-regular map to R2n+2 .
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(q − 1)(m − n − d) − (T − d)(d − t) and satisfying the following condition. There exists a number N such that, for any map
f :nN → Rm , the images of some pairwise disjoint simplices σ1, . . . , σq ⊂ nN under f meet a d-plane Πd ⊂ Rm parallel to
some coordinate planes Π t ⊂ Π T .
Note that if this problem has a positive solution for some integers n, m, q, d, t , and T satisfying the above assumptions,
then Theorem 2 cannot be improved not only at the level of dense sets of maps but also at the level of the existence of a
single map with preimages of small cardinality even in the class of polyhedra. Most of the results ensuring the existence
of such a number N were obtained for d = 0. See the comment on Question 22. The comment on Theorem 34 suggests
N = kn+n+3 k+12 for d = q = 1, t = 0 and T =m provided that q is odd. If n 1, m = 2n+2, q = 3, d = 1, t = 0 and T =m,
then no number N meets the conditions of Question 26. See Corollary 25. Results of Živaljevic´ and Antonova–Oblakov (see
the paragraph before Theorem 36) imply a positive answer to the question for n = 1, m = 3, q = 4, d = 1, t = 0, and T = 3
(and N = 6).
Question 26 can be asked slightly differently.
Question 27. (i) Given integers n, q, d, t , and T , ﬁnd the greatest number m for which the number N speciﬁed in Question
26 does exist. (ii) Determine the least number N . (iii) Describe the minimal subpolyhedra in nN for the least number N .
For n = 1, d = 0, and m = 2, the Kuratowski graphs K5 and K3,3 constitute the complete set of minimal polyhedra. Since
N = 4 in this case, it follows that the answer to (iii) is “only K5 = 14.”
Apparently, the following question goes back to Gleason.
Question 28. Is it true that a compact space X admits a 2-regular map to Rm if and only if it can he embedded into Sm−1?
In 1956, Mairhuber [42] described all compact spaces admitting m-regular maps to Rm , that is all compact spaces
possessing so-called Chebyshev systems.
Theorem 29. If a compact space X admits a k-regular map f : X → Rk, then X can be embedded into the circle. If k is odd, then X can
be embedded into a straight line segment.
Interpolation and approximation problems naturally arise for complex-valued maps. The complex version of the Haar
theorem (which is the special case of Theorem 7 for m = k) was proved by Kolmogorov [36]. Using a complex interpola-
tion polynomial, it, is easy to obtain the estimate s(2,k)  2k. By considering the conﬁguration space, Cohen and Handel
proved [27] that s(2,k − 1) 2k − α(k) − 1, where α(k) is the number of 1’s in the binary expansion of k.
Question 30. Is it true that any compact space X admitting a complex-k-regular map f : X → Ck can be embedded into the
Riemann sphere Cˆ?
The answer to this question is positive for locally connected continua [52,44].
Question 31. Given positive integers n 2 and k 3, estimate the least number m = s(n,k) for which n admits a k-regular
map to Rm .
Shashkin suggested [53] an interesting method for constructing k-regular maps of simplices by using the Radon theorem.
This method gives Corollary 24 (in which s(n,2) = n+ 1) and the estimate s(n,2k) Ckn+k + Ckn+k−1 − 1. A lower bound was
obtained by Ryshkov in [47].
Theorem 32. The following inequality holds. s(n,k) [ k+12 ]n+ [ k2 ], where [·] denotes the integer part of a real number.
Describing compacta embeddable in Rm is a diﬃcult open problem. For this reason, it is hardly wise to pose the problem
of describing compacta admitting k-regular maps to Rm . The following question goes back to Borsuk and Boltyanskii.
Question 33. Given positive integers n 1 and k 3, ﬁnd the least number m = e(n,k) such that any n-dimensional compact
space admits a k-regular map to Rm .
It follows from Boltyanskii’s theorem which is Theorem 2 with m  kn + n + k that e(n,k)  kn + n + k. Lower bounds
were obtained by Boltyanskii, Ryshkov, and Shashkin in [20] and by Bogatyi in [8].
Theorem 34. The following inequality holds. e(n,k) 2[ k+1 ]n+ k.2
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Kampen–Flores polyhedra n2n+2 and one additional point for even k.
Question 35. Describe all graphs for which e(1,k) is realized.
Theorem 2 implies that any map from a 1-dimensional compact space to R3 can be approximated by a map for which
the preimage of any straight line has cardinality at most 4 [7,31]. Živaljevic´ proved [67] that 4 cannot be changed for 3 even
in the existence statement. Namely, using deep results on vector bundles, he proved that for any embedding f : K6,6 → R3
of the bipartite graph K6,6, there exists a line which intersects f (K6,6) in at least 4 points. Antonova and Oblakov suggested
[1] an elementary proof of the following stronger result.
Theorem 36. If two topological circlesR3 are linked with a nonzero winding number, then, there exists a straight line intersecting each
of the circles in at least two points. The intersections of the circles with the line are linked on the line.
Using Robertson–Seymour–Thomas description of linklessly embeddable graphs [28,48,46], Antonova and Oblakov proved
that for any embedding of a graph from the Petersen family and, in particular, for the complete graph K6 and the bipartite
graph K4,4 from which one edge is removed in R3, there exists a straight line that contains at least four points of the image
of this graph.
Question 37. Let X = Γ1 ∪ Γ2 be a disjoint union of two graphs each of which is K5 or K3,3. Is it true that for any map
f : X → R3, there exist disjoint edges σ1, σ2 ∈ Γ1 and σ3, σ4 ∈ Γ2 such that some straight line intersects f (σ1), f (σ2),
f (σ3), and f (σ4)?
Question 38. Describe all graphs or locally connected continua that can be embedded in R3 so that any line contains at
most three points of their images. Can these graphs be described by a ﬁnite list of forbidden graphs?
In 1966, Tverberg proved a deep generalization of the classical Radon theorem (q = 2) [59,50]. Its diﬃculty is caused by
the constraint on the number of simplices rather by the dimensional restrictions.
Theorem 39. Any ((q−1)(m+1)+1)-point subset of Rm can be partitioned into q pairwise disjoint subsets whose convex hulls have
a common point.
Question 40. Suppose that N  (q−1)(m+1) and f :N → Rm is a continuous map. Do there exist pairwise disjoint closed
faces σ1, . . . , σq such that their images f (σ1), . . . , f (σq) have a common point?
A positive answer to this topological question was obtained by Bajmóczy and Bárány [3] for q = 2, by Bárány, Shlossman,
and Szücs [5] for q = p being prime and by Volovikov [62] for q = pα being a prime power.
For a family of subsets of Rm , a d-transversal is a d-plane in Rm that intersects all of the sets from this family.
Tverberg’s theorem (Theorem 39) has the following transversal version [9].
Theorem 41. Suppose, that 0  d m, d + 1  q, and N = (q − 1 − d)(m + 1 − d) + 1 + d = (q − 1 − d)(m − d) + q. Then any
set of N points in Rm can be partitioned into q pairwise disjoint subsets M1, . . . ,Mq whose convex hulls convMi have a common
d-transversal.
Question 42. Suppose that 0 dm, d + 1 q, N = (q − 1− d)(m + 1− d) + d, and f :N → Rm is a continuous map. Do
there exist pairwise disjoint closed faces σ1, . . . , σq such that their images f (σ1), . . . , f (σq) have a common d-transversal?
The following theorem is an easy corollary of a theorem of Volovikov [17].
Theorem 43. Suppose that 0 d m, q  d + 1, N = (q − 1 − d)(m + 1) + d, and the number q is represented as a sum of 1 + d
prime powers possibly which are different. Then, for any continuous map f :N → Rm, there exist pairwise disjoint closed faces
σ1, . . . , σq ⊂ N whose images f (σ1), . . . , f (σq) have a common d-transversal.
Bogatyi and Volovikov proved a transversal Borsuk–Ulam theorem [17], which, in turn, ha,s real and complex versions.
Theorem 44. Suppose that f :N → Rm is a continuous map and one of the following two sets of conditions is satisﬁed:
(1) N = (q − 1− d)(m + 1) + d, where q − d is odd, q − 1 d q − 3, and p is the greatest odd prime divisor of q andp
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Then there exist pairwise disjoint dosed faces σ1, . . . , σq ⊂ N such that the family of q sets f (σ1), . . . , f (σq) has a d-transversal.
Theorem 45. Suppose that f :N → Cm is a continuous map and N = 2(q − 1 − d)m + q − 1, where qp − 1  d  q − 2 and p
is the greatest odd prime divisor of q. Then there exist pairwise disjoint closed faces σ1, . . . , σq ⊂ N such that the family of q sets
f (σ1), . . . , f (σq) has a complex d-transversal.
Question 46. Find quaternion analogues of the economical map and transversal theorems.
In the Helly-type theorems by an r-transversal for a family of sets, we mean a set of cardinality r intersecting any set
from the given family, and a (d1, . . . ,dr)-transversal for a family of sets in Rm is a union of d1-, . . . ,dr-planes intersecting
any set from the given family.
Question 47. State and prove analogues of Theorems 2, 39 and others for (d1, . . . ,dr)-transversals. Constraints on the num-
bers r and d1 + · · · + dr are allowed.
As mentioned above, the proofs of Theorems 1 and 2 are based on a converse to the transversal Tverberg theorem.
Theorem 48. Suppose that Ai, j , where i = 1,2, . . . ,q and j = 1,2, . . . ,ni + 1, are points in Rm such that the set of their coordinates
is algebraically independent. Suppose also that 0  T  d  T m and Πd is a d-plane in Rm parallel to some coordinate planes
Π t ⊂ Π T ⊂ Rm. If either d − t + 1  q and n1 + n2 + · · · + nq + 1  (m − d)(q − 1) − (T − d)(d − t) or q  d − t + 1 and
n1 + n2 + · · · + nq + 1 (m− T )(q − 1), then there exists an i ∈ {1,2, . . . ,q} such that Πd does not intersect the linear hull Π(Mi)
of the set Mi = {Ai,1, . . . , Ai,ni+1}.
The existence theorem for transversals has a projective version. Let F be an algebraically closed ﬁeld.
Question 49. Given integers m  1, 0 d m, q  d + 1 and 0 n1 m − d, . . . ,0 nq m − d, prove that the following
conditions are equivalent:
(1) n1 + · · · + nq  (q − 1− d)(m − d) and
(2) for any planes Π1, . . . ,Πq in FPm of dimensions n1, . . . ,nq , respectively, there exists a d-transversal.
This conjecture can be formulated for the bundle model of the projective plane. Given integers m 1, 0 dm, q d+1
and 0 n1 m− d, . . . ,0 nq m− d, prove that the following conditions are equivalent.
(1) n1 + · · · + nq  (q − 1− d)(m − d) and
(2) for any subspaces V1, . . . , Vq in Fm+1 of dimensions n1 + 1, . . . ,nq + 1 respectively, there, exists a (d + 1)-dimensional
subspace V that intersects (in a subspace of dimension  1) each subspace V i for i = 1, . . . ,q
In [17], it was shown that the answer to Question 49 is positive for d = 0, d = q− 1, and d = q− 2 and an arbitrary ﬁeld F;
however, even if d = 1, m = 3, q = 4, and n1 = n2 = n3 = n4 = 1, this is not so for F = R.
Question 50. What conditions do guarantee the existence of a d-plane intersecting each given plane in an at least t-
dimensional plane?
Tverberg and Vrec´ica suggested the following conjecture [60], which is natural to call the joint Tverberg theorem.
Question 51. Prove or disprove the following conjecture.
Given integers m  1, 0  d  m, 1  q0, . . . ,1  qd , let M0,M1, . . . ,Md be subsets in Rm of cardinalities Ni = (qi −
1)(m + 1− d) + 1 for i = 0,1, . . . ,d. Then each set Mi can be partitioned into qi nonempty subsets M1i , . . . ,Mqii so that all
of the sets convM ji , where i = 0, . . . ,d and j = 1, . . . ,qi , have a common d-transversal.
Živaljevic´ proved that for odd m and d and odd prime q0 = · · · = qd = p, the Tverberg–Vrec´ica conjecture and even its
topological version is valid [67].
The Hurewicz theorem and k-regular maps are related to the so-called colored and transversal colored Tverberg theo-
rems. For d = 0, Bárány and Larman suggested the following conjecture, which they proved for m = 2 [4]. For q = 2, it was
proved by Lovász.
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Suppose that m + 1 − d q-point sets in Rm are colored with pairwise different colors. Then there exist q (m − d)-
simplices with pairwise different vertices at the given points such that all vertices of each simplex have different colors and
the simplices themselves have a common d-transversal.
This conjecture can be topologized.
Question 53. Prove or disprove the following conjecture.
For any continuous map f :0q−1 ∗ · · ·∗0q−1 → Rm of the join of (m+1−d) 0-skeletons of (q−1)-simplices, the vertices
of these simplices can be labeled by the numbers 1, . . . ,q so that the images f (a11 ∗ · · · ∗ am+1−d1 ), . . . , f (a1q ∗ · · · ∗ am+1−dq )
of the simplices have a common d-transversal.
For d = 0, Živaljevic´ and Vrec´ica proved a weakened version of the topological conjecture [68]. The ﬁrst colored Tverberg
theorem, in which the number of colors n + 1 is less than m + 1, was proved by Vrec´ica and Živaljevic´ in [65]. In [7,64],
versions of the colored Tverberg theorem with a controlled repetition of colors were obtained. Since the colored Tverberg
theorem does not imply the Tverberg theorem, we mention only the mixed topological Tverberg theorem, which was proved
by Bogatyi and Volovikov in [17].
Theorem 54. Suppose that q = pα , where p is a prime and α  1 is a positive integer, and N0;N1,n1;N2,n2; . . . ;Nl,nl;m are
integers satisfying the following conditions.
(1) Ni + 2 = (ni + 2)q − β , where βi  0 and Ni  ni , for i = 1, . . . , l and
(2) N0 + (n1 + · · · + nl)q + (l − 1)q + 1 (q − 1)m + (β1 + · · · + βl).
Then, for any continuous map f :N0 ∗ n1N1 ∗ · · · ∗ 
nl
Nl
→ Rm, there exist pairwise disjoint closed simplices σ1 = σ 10 ∗ σ 11 ∗ · · · ∗
σ 1l , . . . , σq = σ q0 ∗ σ q1 ∗ · · ·σ ql such that their images have a common point.
We emphasize that the join of two subsets one of which is empty is the second subset contained in an appropriate face.
Importantly, the absence of the “free” simplex N0 implies N0 = −1. In this case, we obtain a colored Tverberg theorem.
Thus, for N0 = −1, we have a colored Tverberg theorem with a controlled repetition of colors. The simplex can have at most
ni + 1 vertices of color i. The absence of the “colored” part n1N1 ∗ · · · ∗ 
nl
Nl
implies l = 0. In the mixed case, where N0  0
and l 1, there are both colored vertices and free vertices. Clearly, if βi  1, then, coloring βi free vertices with the color i,
we obtain a stronger theorem. This means that only the following three cases in the mixed theorem are meaningful. (1)
N0 = −1; (2) l = 0; and (3) l 1, β = · · · = βl = 0, and N0 = (q − 1)(m + 1− l) − l − (n1 + · · · + nl)q 0.
Now, let us state topological transversal joint and mixed conjectures. Combining these conjectures, we obtain a topolog-
ical transversal joint mixed conjecture, whose formulation is much more involved. We do not present it here.
Question 55. Prove or disprove the following conjecture.
Suppose that Ni = (qi − 1 − di)(m + 1 − D) + di for i = 0, . . . ,d, where D = d + d0 + · · · + dd . Then, for any continuous
maps f0 :N0 → Rm, . . . , fd :Nd → Rm , there exist qi pairwise disjoint simplices σ 1i , . . . , σ qii in Ni for i = 0, . . . ,d such
that for some D-plane Π D ⊆ Rm , Π D ∩ f i(σ ji ) = ∅ for all j = 1, . . . ,qi and i = 0, . . . ,d.
Question 56. Prove or disprove the following conjecture.
Suppose that integers N0; N1,n1; N2, n2; . . . ;Nl,nl; m satisfy the following conditions. Ni + 2 = (ni + 2)q − βi , where
βi  0 and Ni  ni for i = 1, . . . , l; N0 + (n1 + · · · + nl)q + (l − 1)q + 1 (q − 1 − d)(m − d) + (β1 + · · · + βl). Then, for any
continuous map f :N0 ∗n1N1 ∗ · · ·∗
nl
Nl
→ Rm there exist pairwise disjoint closed simplices σ1 = σ 10 ∗σ 11 ∗ · · ·∗σ 1l , . . . , σq =
σ
q
0 ∗ σ q1 ∗ · · ·σ ql whose images have a common d-transversal.
3. The complexity theory of maps usually considers “stable,” or “essential,” complexity which is retained by maps under
any admissible changes. In the ﬁrst section, only small changes were allowed while the changes considered in the second
section were arbitrary. In this section, the images of maps are manifolds, and the admissible changes are homotopies. In the
root problem, a given map is changed by a homotopy so as to simplify the preimage of one point. We want to change a
given map by a homotopy so as to simplify the preimages of all points.
Deﬁnition 57. Let f : X → Y be a continuous map. The multiplicity μ( f ) of f is deﬁnes as maxy∈Y | f −1(y)|, and the minimal
multiplicity MMR[ f ] of f is the least multiplicity of a map homotopic to f , that is
MMR[ f ] = min
g f
max
y∈Y
∣∣g−1(y)∣∣.
Church and Timourian proved [26].
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2 are oriented connected compact manifolds without boundary and f :M
m
1 → Mm2 is a continuous
map with deg f = 0. Let  f be the set of points y ∈ Mm2 for which f −1(y) has less than d = |deg f | points.
(1) Then dim f  n − 1 and  f contains no closed (in Mm2 ) subset of dimension n − 1.
(2) If f is a ﬁnite-to-one map then dim ¯ f  n− 2.
Church and Timourian proved [26] a variant of this theorem for maps of nonorientable manofolds with non-zero absolute
degree d = A( f ) > 0. For maps of possibly nonorientable surfaces, this set is ﬁnite and has cardinality at most dχ(M22) −
χ(M21) [32,33,43,54,11].
Question 59. Is it true that for any map f :Mm1 → Mm2 of orientable compact manifolds without boundary, the equivalence
MMR[ f ] ≡ deg f mod2 holds?
Let ( f ) = [π1(M2): f#(π1(M1))], and let χ(X) be the Euler characteristic of the space X . In the case of nonorientable
manifolds, we use A( f ) to denote the absolute degree of a map f . The following theorems are due to Bogatyi, Fricke, and
Kudryavtseva [11].
Theorem 60. For any map f : S1 → S1 , MMR[ f ] = |deg f | if deg f = 0; otherwise,MMR[ f ] = 2.
Theorem 61. Suppose that f :M21 → M22 has absolute degree d = A( f ) > 0.
(1) If ( f ) = d or ( f ) = d and dχ(M2) = χ(M1), then MMR[ f ] = d.
(2) If ( f ) = d and dχ(M2) = χ(M1), then MMR[ f ] = d + 2.
Theorem 62. If f :M21 → M22 has absolute degree A( f ) = 0, then 2MMR[ f ] 4.
Question 63. Describe all maps f of surfaces for which A( f ) = 0 and MMR[ f ] = 2.
For a ﬁnite-to-one map f : X → Y , Krzempek introduced a new dimension function cdim f [38,40], which enabled him
to obtain a ﬁnal generalization of the Borsuk–Molski [22] and Sieklucki [55] map decomposition theorems. A map f is said
to be simple if it is at most two-to-one.
Theorem 64. If f is a closed map of a nonempty space X, then conditions (1) and (2) below are equivalent and imply (3).
(1) cdim f  n;
(2) there exists a closed map g from a zero-dimensional space onto X such that the composition f ◦ g is at most (n + 1)-to-one;
(3) f is a composition of n simple closed maps.
Theorem 65. If f is a closed at most k-to-one map from a nonempty n-dimensional metric space X, then cdim f  n + k − 1.
Krzempek found conditions under which the stronger inequality cdim f  n + k − 2 holds. Below, we cite two problems
due to him.
Question 66. Suppose that n  2 and k  3. Does there exist an n-dimensional compact space X such that dim f (X) 
n+ k − 3 (or even cdim f  n + k − 3) for any at most k-to-one map f of X?
Question 67. Does the line segment admit a map of multiplicity  3 ( k) that is not a composition of two (k − 1) simple
maps?
The case of open maps is quite different. Krzempek showed that any open (open-and-closed) surjective at most k-to-one map
of a zero-dimensional metric space is a composition of k simple open respectively, open-and-closed surjective maps [37]. The one-
dimensional case was considered by Dydak [29], who proved that an open map f : S1 → S1 is a composition of two nontrivial
open maps if and only if μ( f ) is a nonprime integer. The two-dimensional case was studied by Baildon [2], Bogataya, Bogatyi,
and Zieschang [10] and Krzempek [39]. They proved that there exists a four-fold covering of a surface of genus 2 by a surface of
genus 5 that cannot be represented as a composition of two nontrivial open maps.
In coincidence theory, namely, the root problem, the following question arose [15].
Question 68. Is it true, that any ﬁnite family A = {[di,1, . . .di,μi ]}ki=1 of partitionings of a number d with even defect
v(A) = kd −∑ki=1 μi can be realized by an indecomposable branched covering over the torus (over Klein bottle)?
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Theorem 69. Any virtual branching data A with even positive defect v(A) can be realized as an indecomposable branched covering
over any closed surface without boundary of negative Euler characteristic.
Bogatyi, Gonçalves, Kudryavtseva, and Zieschang obtained the following weakened version of the realization [13,14].
Theorem 70. Every virtual branch data A with even positive defect v(A) is realizable by a branch covering over torus and Klein bottle
which cannot be decomposed into a branched covering and a nontrivial nonramiﬁed covering.
The Hurwitz existence theorem makes it possible to formulate Question 68 in a purely combinatorial form as follows. Is
it true that, for any nontrivial even permutation γ ∈ Σd, there exist two permutations α,β ∈ Σd such that their commutator [α,β]
(semi-commutator [α,β]− = αβαβ−1) is equal to γ and the subgroup 〈α,β〉 generated by elements α and β is a transitive primitive
subgroup?
Question 71. Is it true that MMR[ f ] = μ( f ) = |deg f | for any light open map f ?
In [25], suﬃcient conditions for f to satisfy the condition μ( f ) = |deg f | were obtained. Some authors considered open
simplicial maps.
Scheffer’s theorem about maps to compact Abelian groups [51] implies that MMR[ f ] = MR[ f ] = |deg f | for any self-
mapping f of the n-torus with nonzero degree. Bogatyi and Frolkina proved the following theorem [12].
Theorem 72. Let G be a compact connected ﬁnite-dimensional group, and let Φm(g) = gm. Then MMR[Φm] is ﬁnite for any integer
M = 0.
Question 73. Is it true that a compact connected ﬁnite-dimensional group G is Abelian if and only if MMR[Φm] = MR[Φm]
for any m = 0 (for some m = 0,±1)?
4. The Fermat–Weber location problem is to ﬁnd a point F called a Fermat–Torrichelli point in Rn for which the sum∑m
i=1 ωi‖F Ai‖ of weighted Euclidean distances from F to m given points {A}mi=1 in Rn is minimum. If the weights are positive,
and the given points {A}mi=1 are not collinear, then such a point exists and is unique. The iterative solution method was ﬁrst
applied to this problem by Weiszfeld in 1937 [66]. The algorithm is based on the following map from Rn to the convex hull
of A1, . . . , Am in Rn
T (X) =
{ ∑m
i=1 ωi‖X Ai‖−1 Ai∑m
i=1 ωi‖X Ai‖−1 if X = A1, . . . , Am,
Ai if X = Ai .
This map T is continuous, and its ﬁxed points are A1, . . . , Am, F . Conditions for the Fermat–Torrichelli point to be one of
the given points can be found in for example [19, Theorem 18.37].
Kuhn showed in [41] that given an initial point X0 ∈ Rn , the sequence of the points Xk generated by the iterative process
Xk+1 = T (Xk) converges to F if no point in the sequence is a vertex, that is Xk = Ai for k = 0,1, . . . and i = 1, . . . ,m.
If this sequence hits a vertex at some step, then it never leaves this vertex. Kuhn announced that this happens only for
countably many initial points provided that the given points are noncollinear. Chandrasekaran and Tamir constructed a
counterexample [24] and asked the following question.
Question 74. Suppose that the convex hull conv(A1, . . . , Am) of the given points is n-dimensional. Is it true that the set of
initial points for which the sequence generated by the algorithm of Weiszfeld hits a vertex is countable?
In 1995, it was claimed that the set of initial points for which the iterations reach a vertex is countable if and only if
dimconv(A1, . . . , Am) = n. The proofs of both necessity and suﬃciency contained blunders. In 2002, examples showing that
this condition is not necessary were constructed [23]. The following theorem shows that, apparently, a necessary condition
must be complicated.
Theorem 75. If the point Ai0 belongs to the boundary ∂ conv(A1, . . . , Am), then T
−1(Ai0) = Ai0 . Here the boundary is taken in the
plane of the given points.
Proof. Suppose that Ai0 belongs to a face of conv(A1, . . . , Am) which does not contain Ail . This means that if
∑m
i=1 λi Ai∑m
i=1 λi
= Ai0
for some numbers λi  0 with i = 1, . . . ,m, then λi1 = 0. Suppose that X = Ai and T (X) = Ai0 . Then
∑m
i=1 ωi‖X Ai‖−1 Ai∑m
i=1 ωi‖X Ai‖−1 = Ai0 .
According to what was said above, we have ωi1‖X Ai1‖−1 = 0, which contradicts the assumption ωi1  0. 
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equal to Ai for i = 1, . . . ,m, the sequence Xk converges to the Fermat–Torichelli point F .
The following conjecture is a strengthening of the Chandrasekaran–Tamir conjecture on a suﬃcient condition.
Question 77. Prove or disprove the following conjecture.
For any points A1, . . . , Am in Rn , the following conditions are equivalent. (i) The map T has ﬁnite multiplic-
ity; (ii) The preimage of any point of Rm under T is countable; (iii) For any point Am+1 ∈ Rn , the iterative algo-
rithm generated by Weiszfeld’s scheme for the set A1, . . . , Am, Am+1 has countable set of exceptional initial values:
(iv) dimconv(A1, . . . , Am) = n.
Some of the implications are trivial. For example, if dimconv(A1, . . . , Am)  n − 1, then dim T (Rn)  n − 1 and, by the
Hurewicz theorem on dimension-lowering maps, any ball B in Rn contains a continuum KB such that T (KB) is a point. The
implication (iv) ⇒ (ii) is equivalent to the Chandrasekaran–Tamir conjecture. Therefore, the most nontrivial implication is
(iv) ⇒ (i), which was also conjectured in [24]. These observations give rise to the following diﬃcult problem.
Question 78. Estimate μ(T ) as a function of a conﬁguration {Ai}mi=1.
It can be shown that if dimconv(A1, . . . , Am) = n and m = n + 1, then μ(T ) = 2.
Question 79. What are the properties of the map T if the distances between points are measured in some norm in Rn with
strictly convex unit ball?
Consider the subset K1 = T (Rn) of the compact space K0 = conv(A1, . . . , Am). This subset is compact, and it generates
the increasing sequence of compact sets K2k+2 = T (K2k), K2k+1 = T (K2k−1) for k 1. Let K∞ = ∩i Ki .
Question 80. What are the topological and geometric properties of the compact set K∞? Determine the character of the
convergence Ki → K∞ .
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